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Abstract: We study general rotating string solution in the AdS4^ x CP^ background with 
a B]\js holonomy turned on over CP^ C CP3. We find the giant magnon and single spike 
solutions for the string moving in this background corresponding to open spin chain. We 
calculate the corresponding dispersion relation among various conserved charges for both 
the cases. We further study the finite size effect on both the giant magnon and single spike 
solutions. 
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1. Introduction 

Recently Aharony, Bergman, Jafferis and Maldacena (ABJM) proposed a new class 
of gauge theory-string theory duality between M = 6 Chern-Simons (CS) theory and 
type llA string theory on AdS4 x CP'^. Based on this Aharony Bergman, and Jafferis 
(ABJ) m identified further a class of AdS^/CFT^ duality with extended supersymmetry 
namely, a three dimensional J\f = 6 superconformal Chen-Simons theory with a gauge 
group U{M)^. X U{N)_j^, with k being the level of the CS theory, is dual to type IIA string 
theory on AdS4 x CP'^ with Bjvs holonomy turned on over CP^ C CP^. 

In proving AdS/CFT duality the integrability of both the string theory and the 
gauge theories have played a key role. The semiclassical string states in the gravity side 
has been used to look for suitable gauge theory operators on the boundary, in establishing 
the duality. In this connection, Hofman and Maldacena (HM) Q considered a special limit 
where the problem of determining the spectrum of both sides becomes rather simple. The 
spectrum consists of an elementary excitation known as magnon which propagates with a 
conserved momentum p along the spin chain. Further, a general class of rotating string 
solution in AdSs is the spiky string |5|, which describes the higher twist operators from 
dual field theory view point. Giant magnons can be thought of as a special limit of such 
spiky strings with shorter wavelength. Recently there has been a lot of work devoted for 
the understanding of the giant magnon and spiky string solutions in various backgrounds 
see for example [Pt-pTf. There has also been numerous papers devoted for understanding 
the finite size corrections on these solutions [p^]. 

In the present paper we study a general class of rotating string solution in the ABJ 
model. It has already been established that like its regular counter part, ABJ theory 



has an integrability structure in planar limit. In fact in [24] it has further been analyzed 
that the magnon dispersion relation remains exactly the same as that of ABJM, even the 
ABJ theory has an extra NS B field in its spectrum, thus showing no parity symmetry 
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breaking effect. In this paper we study the giant magnon and spike solutions for strings 
corresponding to open spin chain. We concentrate on a particular sector of the theory 
which is the diagonal SU (2) subgroup inside CP^, and study a general class of rotating 
strings. We solve the equations of motion and the Virasoro constraints for the Polyakov 
action of the string in the presence of a NS-NS B field. We find out the general form of 
all the conserved charges and choose particular parametrization corresponding to a special 
relation among those charges. We further find the corresponding dispersion relation for 
the giant magnon and single spike solutions for the string moving in the SU{2) subsector 
inside CP^. Finally, we study the finite size corrections for both the giant magnon and for 
the single spike solutions. 

The rest of the paper is organized as follows. In section 2, we consider a rotating 
string solution in i? x S*^ with NS-NS B field. We write down all the equations of motion, 
and Virasoro constraints for the string moving in this background. In section 3, we find 
the giant magnon and single spike solutions for the string in infinite size limit and the 
corresponding dispersion relations inside a particular parameter space. In section 4, we 
investigate the finite size effects for both the giant magnon and single spike solution. In 
section 5, we present our conclusions. 



2. Rotating String Solutions in ABJ theory 

We start by writing down the supergravity dual background of the ABJ theory 
ds^ = [- cosh^ p dt^ + dp^ + sinh^ p [drj^ + sin^ rjdx^)] 



+ cos^ ^ sin^ C MV' + ^ cos Oidcjii — \ cos 62d(j)2 



+^ cos^ i {del + sin^ ^I'^'/'i) + \ ^ {ddl + sin^ Oid^l) 
B 



-Bns = — (^sin2,fd,f A (2d^ + cos6'id(/)i - cos6'2C 



+ cos^ ^ sin 6'id^i A d^i + sin^ ^ sin 6'2d6'2 A d^2) • 



(2.1) 



In addition to this there is a dilaton field and Ramond-Ramond two form and four form 
fields, whose detailed forms will not be needed in what follows. When taking a' = 1, the 
curvature radius R is given by R? = 2^/^7rA^/^, which is precisely same as that of ABJM. 
We are interested in a particular sector this model which can be obtained by choosing 
p = 0, ip = constant and ^ = j and by identifying that Oi = 62 = and 0i = (^2 = <!>■ With 
the above identifications, AdS4X CP^ geometry reduces to Rx S'^ ^. The metric and the 
NS-NS flux reads 



Bns = -— (sin6'd6'Ad^). 



(2.2) 



^From the general equations of motion for the string moving inside the full ^^54 x CP^, one can check 
that the above identification also gives a consistent solution 
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We are interested in studying the classical rotating string around this geometry. We 
use the Polyakov action 

S=^J dudT[^-i^^gMNdaX^dpx'' + e''Pd^x'^dpx''BMN] 

(2.3) 

where we choose the world sheet metric and e"'^ is the anti symmetric tensor 

defined as e"^ = — e^'' = 1. In terms of target space coordinates the action is given by 



S = J dadr [{drtf - {d^tf - {drOf + {d^ef - W e {{dr^f - {d,<l)f}] 

+ — / dadr sin ^ [{daOdr(l)) - {drOd^^))] (2.4) 

To find the spiky string in this geometry, we choose the following parametrization 

i = /(r), e = e{y), 4> = vT + h{y), (2.5) 

where y = ar + ba and we set r and a run from — oo to oo. Looking at the background 
geometry, one infers that there exist two conserved charges and the equations of motion 
for the corresponding fields are given by, 

= 5^/(r), 

= dy [sin^ e {au + (a^ - b'^)h'}] , (2.6) 
where prime implies derivative with respect to y. The solutions of these equations are 

/(r) = KT , 

, 1 c-au sin^ 9 

a-^ — ¥ sm^ 

where k and c are integration constants. Further the Virasoro constraints Tap = have 
also to be imposed. Due to the symmetry property of the metric, and the conformal nature 
of the Polyakov action the number of real independent constraints are two and we write 
them in the following form for our convenience 

r^^ + 2T^^ = 0, T^^-^L±^Tra = 0. (2.8) 

The first Virasoro constraint gives rise to 

af y (sin^ Omax - sin^ 6')(sin^ - sin^ Omin) n^ 

— ¥ sm 6 



where 



sin Ufnax + Sin Umin — b^i/"^ ' 

Sin^ Omax ■ Sin^ Omin = (2-10) 
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The second Virasoro constraint is reduced to a relation among various parameters. From 
this we can set 

a=^c. (2.11) 

Note that in the above, the equation of motions are independent of NS-NS B field. As 
previously mentioned, in this system there exists two conserved charges namely the total 
energy E and total angular momentum J . The energy is given by 



E = ^ I dadrt 



2X1 ^^-0 (2.12) 

x/(sin^ Omax - sin^ 0)(sin^ 9 - sin' e^in) 



and angular momenta is given by 



v2A (' B f 

J = / (ifj sin^ 6*5^0 + — / dasinOdaO 

2 J 47r 7 

, , ,^ 1 sin ^(ac- 6^1/ sin^ 6*) B , ,^ ^ 

2A / dO-: ^ „ „ „ = + — / d6'sin6'. 



V(sin^ 9^ax - sin^ 0)(sin^ 9 - sin' Omin) ^vr 



(2.13) 



To consider a giant magnon or spike solution, we have to define the world sheet momentum 
p, which is identified with the angle difference A(/> = p, 

A(j)= - d(p = -2 / dO— 



I ,^ 1 (be - abu sin' 9) 

-2 / d9^ ^ ' (2.14) 

0^1^ sin 6* V (sin^ - sin^ 6*) (sin^ 6* - sin^ 6*^ ' 



''mm ) 



where we use a minus sign for making the angle difference positive. 
3. Giant Magnon and Single Spike Solutions 

In this section we will find the dispersion relation among various charges defined in the 
previous section, in the infinite size limit, which implies infinite angular momentum in case 
of giant magnon and infinite angle difference in case of a spiky string solution. This infinite 
size limit can be obtained by setting sin 9fjiax — 1 in both cases. In other words, this limit 
reduces Eq. ( |2.9| ) to 

, bu cos 61 1/ (sin^ 9 - sin' 9„dn) 1 n 

^ = ~2 T2 • ^'^■^> 

— 0^ sm 9 

One sees that all of E, J and A(/> diverge except for a special parameter region. In this 
limit, the second line in Eq. ( p.lOf ) gives sin^ 9min = j^j^^- 

The first line in Eq. ( ^lo|) gives 



rise to a relation among various parameters. Using this relation and taking the help of Eq. 



( |2.11|) , we get 

K'{a' -b') = {c-buf. (3.2) 
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Giant Magnon 



To find a solution which correspond to giant magnon, we first have to use a special 
parameter region which will make both E — J and A0 finite. 

Below we summarize some details of identifying the parameter region. First we see 
that to cancel the logarithmic divergence in — J we get the following relation 

K{a^ -h^) = {ac-b^v). (3.3) 

If we further demand the finiteness of A0, then we get 

c + 2abu = Q. (3.4) 

Using the relations among other parameters as mentioned in the previous section, we find 
that 

v = — K, o = . (3-5) 

K 



which makes 

62 



sin^6'mm = 7T- (3.6) 



With the above, one finds that making E — J finite, Ac/) automatically becomes finite and 
vice versa. The expression for E — J and A(/> now becomes 

E - J = (^V2X - Zniax, 

Acb=2(^- Omin) , (3.7) 



where Zmax = cosOmin- Finally we get the following dispersion relation for the giant 
magnon solution in the presence of NS-NS B field as 



sm ■ 
2 



(3.8) 



Note that for S = 0, we get back the dispersion relation obtained in |10 
Single Spike 

In order to find a spike solution, we impose that J is finite. We also impose that E — ^^^Acj) 
is finite. So one finds following constraints on various parameters: 

ac = b^u, a = -^c, (3.9) 

including those we have from the Virasoro constraints previously. A consistent parameter 
region can be summarized as follows 

a = --, c=-K, sm9min = -- (3.10) 

K V 
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Finally one can compte the dispersion relation for the spike solution as 



E-- — A(/) = ^ e. 

J = (^V2\ - ^ sine (3.11) 

where = 7^/2 — 9min- We further note that for B = 0, the above relation reduces to that 
of p|. 



4. Finite Size effects 



We investigated giant magnon and spike solutions for the string in the infinite size limit 
in the last section. In this section we investigate the finite size effect on them. For that 
purpose we take Omax / 7r/2. 

Giant magnon: 



Eq. (2.10) andEq. (2.11) gives 



sm ( 



smf 



c 



(4.1) 



Assuming z = cos 0, conserved charges are given by 



E 
J 



2A 



'^max '^mm 



l-zi 



K{x) 



B 



'^>^Zmax [K{x) - E{x)] + —{Zmax 

ZTT 



l-z: 



mm ^ I Zj^^,j^ ^min 
z2 - 1 



Z-min ) ) 



l-zi 



-.K{x) 



(4.2) 



where we have used ^^ax = cos^ 9. 



cos 



K^b^ ' min 

and the elliptic integrals of the first, second and third kinds 



1 min 

i - 75 — 



K{x) 
E{x) 



( Z^ - z2 . 
-Q I '^max ■^mm 

Z^ - 1 



\X 



dz 



dz 



dz 



\J i^max z'^){z'^ ^min) 
£2 

Zmax\J {Zmax ~ z'^){z'^ — 2^j„) 
ZmaxQ- ~ ^max) 

{l-z^)^{zl,,-z^){z^-zlJ 



(4.3) 
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To find the finite size effect, expanding conserved charges to 0{z^^^) and CC^^aa;)' 
obtain 



E- J K a/2A 



sm — — 
2 



)■ 



(4.4) 



The leading behaviors of £^ and Zmax are given by 



-\/2Az„iaj; log 



4z„ 



sm ■ 



4 sin 



A0 



A(/. 



,-E/(V2A|sinM) 



(4.5) 



Using above relations,one obtains the following dispersion relation for giant magnon solu- 
tion including the finite size correction as 



E-J = V2X 



sm ■ 



Act) 



sm 



A(/) 



-E/(V2A|sin^|)\ -B 



27r 



4 sin 



Acf) 



/g-B/(^|sinM|)_l. 

4 

(4.6) 



For the infinite size case both E and J ^ oo, which gives exactly same result obtained in 
the previous section. 

Single Spike: 

In this section we calculate finite size effect for the spike solution obtained in the previous 
section. Note that for the angular momentum to be positive in case of the spike solution, 
we should consider J' = — J by changing the directions of rotation. Keeping this in mind, 
we now start to calculate the finite size effect for the spike. 

Before calculating the dispersion relation, we should find sin Omin and sin 6max > which 
are given by 

K 



sm( 



smf 



y2 — 



V 

c 

Kb 



(4.7) 



With the above, the conserved charges can be rewritten as 



E = V2\ K(x), 

/l 2 

^max V ^max 

1 B 



A(^ 



V5 



K{x) - n 



z"^ - z^ ■ 



X 



- 1 



(4.8) 



Here, the angular momentum J' is given by 



J' 



'2i\Zr\ 



42:„ 



2+^°^ z 

£j A/' 



2\zi 



^Z-n 



B 
2^ 



(4.9) 
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at 0{zj^^^). Note that for the infinite size limit, Zmin — > 0, the second term in the right 
hand side vanishes, so J' is always finite as it should do. The dispersion relation for a spike 
E - is given by up to 0{zlJ and 0(4ax) 



\/2A 

E A0 ~ \/2A arcsin 2:„ 



'2Zn 



V2X / 1 



z2 . 
mm ■ 



(4.10) 



To rewrite the dispersion relation in terms of the physical quantities, Zmin and Zmax should 
be replaced with E and J'. From the leading term of E we obtain 



Az „-E/V2Xz,nax (A^^) 
and the leading term of J' gives 



:I^^^J(B). (4.12) 



2A 



So 

Zmin = 4we-^/^^— = 4J(i?)e-^/^^(^) (4.13) 
Using these, we finally obtain the dispersion relation for a finite size spike solution 



E - ^^A(/) ^ \/2Aarcsin J^(S) 



V 2 vi-U(^))V 



(4.14) 



5. Conclusions 

We have studied, in this paper, the rotating string in the diagonal SU (2) subspace inside 
the AdS4 X CP^ geometry in the presence of a NS-NS B field. We see that although the 
equations of motion of the rotating string on i? x 5^ are independent of NS-NS B field, the 
most general form of conserved angular momentum depends on B field. We have shown 
the existence of both the giant magnon, and the spike solutions for the string moving in 
this background which correspond to open spin chain and have found out the relevant 
dispersion relation among various charges in the infinite size limit. Furthermore, we have 
studied the finite size correction in both cases. It will be interesting to find more general 



string solutions in this background following [17 
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